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Abstract
Previous studies of high-energy scattering in QCD have shown a remarkable correspon-
dence with two-dimensional field theory. In this paper we formulate a simple effective
model in which this two-dimensional nature of the interactions is manifest. Starting from
the (3+1)-dimensional Yang-Mills action, we implement the high energy limit s>>t via
a scaling argument and we derive from this a simplified effective theory. This effective
theory is still (3+1)-dimensional, but we show that its interactions can to leading order be
summarized in terms of a two-dimensional sigma-model defined on the transverse plane.
Finally, we verify that our formulation is consistent with known perturbative results.
1. Introduction.
High-energy scattering in quantum chromodynamics (QCD) has been the subject of in-
tensive study since the early seventies [1, 2]. In particular within the framework of per-
turbation theory, systematic procedures have been developed for extracting the large s,
fixed t, behaviour of each amplitude and for summing these contributions using a leading-
log or eikonal approximation scheme [1, 2]. A striking feature of the results obtained by
these methods is that the contributions at each order take the form of two-dimensional
amplitudes, and it has indeed been suspected for some time that there exists an intimate
relationship between QCD at high energies and two-dimensional field theory [3].
The two-dimensional nature of the interaction can be understood semiclassically as
follows. Introduce two light-cone coordinates and two transverse coordinates
xα = (x+, x−)
zi = (y, z) (1.1)
with x± = x±t, and let us assume that two fast moving particles have very large momenta
in the x± direction, while they remain at a relatively large distance in the z-direction. Now
if we consider the (color) electric field of one of these fast moving charges, it is clear that
due to the Lorentz-contraction it will take the form of a shockwave: the field-strength will
vanish everywhere, except on a null-hyperplane through the trajectory of the particle.
The only physical effect the shockwave can have is that, when a charged test particle
passes through it, its wave function ψ will undergo some instantaneous gauge rotation
ψ → g(z)ψ. This gauge rotation only depends on the transverse distance between the
particles, and thus it indeed appears that all interactions essentially take place within the
transverse plane of the shockwave.∗
Motivated by this simple physical picture, we will in this paper propose a new formula-
tion of high-energy elastic scattering in gauge theory, in which the two-dimensional nature
of the interactions is manifest. The method will have some similarities with the eikonal
approximation, but appears to be more general. We will interested in the kinematical
regime where s is much larger than t, while t is also larger that the QCD scale Λqcd.
∗For the case the particles have only electro-magnetic interactions, this shockwave interaction has
been used in [4, 5] to give an elegant derivation of the high energy scattering amplitude, reproducing the
result obtained via the eikonal approximation [6, 7]. Related work in gravity has been done in [4, 8, 9].
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In this case it is a good approximation to represent the scattering process between two
hadrons as a collection of separate collisions between the individual quarks, and we will
concentrate on these individual quark-quark scattering processes. The main simplifying
assumption we will make is that all these individual collisions will take place at a very
small time and longitudinal length scale of the order of 1/
√
s. Of course, in actual events
there will also be very non-trivial dynamics taking place at larger scales, since a scat-
tered quark will interact via secondary collisions with the other quarks inside the hadron,
which as a result will fall apart into one or more jets. However, it seems reasonable to
assume that the amplitude for the primary collision between the two energetic quarks is
independent of the precise details of these subsequent processes, precisely because these
occur at a much larger time and length scale.
In section 2 we will use this assumption to derive a simplified model for QCD at high
energies. Via a simple scaling argument, similar to the one used in [9], we will isolate from
the Yang-Mills action the part of the theory that appears relevant for the dynamics in this
regime. Next, in section 3 we will use the reduced theory to reformulate the calculation
of elastic scattering amplitudes in terms of a two-dimensional effective field theory, which
has the form of a sigma-model defined on the transverse plane. We make contact with
some of the results obtained by more standard methods [1, 2] in a concluding section. In
an appendix we describe the form of the non-abelian shock-wave solutions, that provide
the semiclassical interpretation of the scattering process.
2. QCD in the high-energy limit.
In this section we will formulate a simple effective description of QCD at high energies. We
will start from the hypothesis that the typical longitudinal momentum of the dynamical
modes in this process grows proportional to the center of mass energy, whereas the typical
size of the transversal momenta is determined by the momentum transfer. The same
assumption also underlies other approaches to high energy QCD, where it is in particular
used to simplify the evaluation of Feynman diagrams. Here, however, we wish to take this
high energy limit directly at the level of the action. This procedure has the important
advantage that one does not need to fix the gauge before taking the limit, and thus the
final effective theory will still be gauge invariant.
3
2.1. The scaling argument.
We first consider the pure Yang-Mills model, described by
S = 1
4
∫
d4x tr(FµνF
µν). (2.1)
Here Fµν is the non-abelian field strength
Fµν = ∂µAν− ∂νAµ + e [Aµ, Aν ], Aµ = Aaµτa (2.2)
where e is the coupling constant and τa are the generators of the lie algebra of the gauge
group G = SU(N). To extract that part of the action that is relevant to the high energy
forward scattering of quarks, let us consider the behaviour of (2.1) under a rescaling of
the longitudinal coordinates
xα → λxα, (2.3)
The idea is that by performing this rescaling inside the Yang-Mills action, we will see
which part will become strongly or weakly coupled, when we look at the theory at high
longitudinal energies. The components of the gauge potential transform under (2.3) as
Ai → Ai, while Aα → λ−1Aα. Hence the rescaled Yang-Mills action can be written in the
following form
S ′YM =
1
2
∫
tr(EαβFαβ + FαiF
αi) +
λ2
4
∫
tr(EαβE
αβ + FijF
ij), (2.4)
Here we introduced Eαβ = −Eαβ as an auxiliary field. So far we have done nothing.
Indeed, the description of a scattering process with some s and t using the standard
action is completely equivalent to that using the rescaled action (2.4), provided we also
rescale s to
s′ = λ2s.
The point, however, is that we can now use this correspondence and choose
λ ∼ 1√
s
→ 0,
so that s′ is kept fixed, and thus reformulate the high energy limit s→∞ in QCD as the
λ→ 0 limit of the rescaled theory (2.4).
4
The parameter λ is not a coupling constant of the original theory, but introduced via
the rescaling, so what does it mean to take the limit λ → 0? Here we must go back our
basic starting point, namely that, before the rescaling (2.3), the typical longitudinal mo-
mentum of the dynamical modes is much larger than the typical transversal momentum.
For these modes the second term in (2.4) is indeed subdominant, and so, the λ→ 0 limit
in fact corresponds to a truncation of the full theory to these high energy modes. By our
assumption, the contribution of the modes removed by this truncation is subleading for
s>>t.
Further it seems reasonable to assume that in leading order in λ we can neglect the
second part of the action (2.4). However, we need to be a little careful here, since one
could imagine that the λ → 0 limit of the amplitudes of the full theory are not equal to
those of the λ = 0 theory. The reduced theory could for example be singular, in which
case the second term in (2.4) must be kept as a regulator. Keeping this in mind, let us
however for the moment assume that the λ = 0 theory is well-defined as it stands, in
which case it must give the leading order contribution.
Thus, we propose that high energy scattering in gauge theories can be described by
means of the following truncated Yang-Mills action
S[A] =
1
2
∫
tr(EαβFαβ + FαiF
αi). (2.5)
In this theory we wish to calculate the quark-quark scattering amplitude. The coupling
to charged quark fields ψ is described by the high energy limit of the usual quark action,
which takes the form
S[ψ,A] =
∫
ψγα(∂α + eAα)ψ. (2.6)
Again, this action is obtained from the standard action by performing the rescaling (2.3)
and taking limit λ → 0. Hence we see that, as was to be expected of a high energy
limit, the quarks propagate only in the longitudinal direction and only couple to the
components Aα of the gauge potential. Note further that the mass term is subleading, so
we can divide ψ into left- and right moving components. It should again be mentioned,
however, that the subleading terms of the action could still be important for regulating
possible singularities due to the fact that the leading order model is ultra-local in the
transverse z-direction.
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2.2. Relation with Lipatov’s gluon emission vertex.
The first property of the leading order theory described by (2.5) we notice is that the aux-
iliary field Eαβ has become a Lagrange multiplier imposing the zero-curvature constraint
F+− = 0. (2.7)
In other words, in the high energy limit, the leading order contribution comes from those
gauge field configurations that are flat in the longitudinal direction. This is the central
observation of this paper. As the above reasoning shows, it is a simple and direct conse-
quence of the fact that we are interested in processes for which the typical longitudinal
scale is much smaller than the typical transversal scale.
At first sight this observation seems to be in contradiction with the effective high-
energy gluon emission vertex derived by Lipatov, which produces gluon-radiation with
F+− 6= 0. To clarify this point we will briefly summarize the derivation of Lipatov’s
vertex, first from the conventional Yang-Mills action, and then from the high energy
effective theory. Lipatov’s vertex describes the effective gluon production relevant to high
energy scattering and is given by [12]
Ci(k1, k2) = −(k1 + k2)i
C+(k1, k2) = (α+ 2
k21
βs
)p+ (2.8)
C−(k1, k2) = −(β + 2 k
2
2
αs
)p−
Here p+ and p− denote the momenta of the left and right-moving quarks, s = 2p+p−,
and k1 = k1,⊥ + αp+ and k2 = k2,⊥ + βp− are the respective momenta of the intermediate
gluons (see fig 1.)
To derive this result, let us consider the Yang-Mills equations in the presence of a
source jα, that represents the energetic quarks. We will implement the high energy limit
by assuming that it is chirally conserved
D+j− = D−j+ = 0 (2.9)
Next we solve the Y-M equations perturbatively by expanding the gauge potential Aµ
and the source jα in powers of the coupling. For our purpose we will need to go to the
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Fig 1. This figure explains the notation used in the expression (2.8) of the
effective gluon production vertex. The double horizontal lines represent the
fast quarks and the other are gluon lines.
next to leading order. Given the leading order solutions
A
(0)
i = 0
∂2
⊥
A(0)α = j
(0)
α (2.10)
the next to leading order equations become (in the Lorentz gauge)
∂2A
(1)
i = [A
(0)
α , ∂iA
(0)
α ] (2.11)
∂2A(1)α = j
(1)
α + λ
−2[A
(0)
β , ∂βA
(0)
α ] (2.12)
with ∂2 = λ−2∂2
//
+ ∂2
⊥
and where in the second equation we used that ǫαβ∂αA
(0)
β = 0. The
next to leading order contribution j(1)α to the current in (2.12) can be eliminated in terms
of A(0)α , via the conservation equations
∂−j
(1)
+ = [A
(0)
− , j
(0)
+ ]
∂+j
(1)
− = [A
(0)
+ , j
(0)
− ] (2.13)
Using (2.10) this leads to
j
(1)
+ = [
1
∂−
A
(0)
− , ∂
2
⊥
A
(0)
+ ]
j
(1)
− = [
1
∂+
A
(0)
+ , ∂
2
⊥
A
(0)
− ] (2.14)
which, inserted into (2.12), gives
∂2A
(1)
+ = [
1
∂−
A
(0)
− , ∂
2
⊥
A
(0)
+ ] + λ
−2[A
(0)
− , ∂+A
(0)
+ ]
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∂2A
(1)
− = [
1
∂+
A
(0)
+ , ∂
2
⊥
A
(0)
− ] + λ
−2[A
(0)
+ , ∂−A
(0)
− ] (2.15)
Combined with (2.11) this is, when translated to momentum space, identical to the effec-
tive high energy gluon emission vertex of Lipatov.
Note that if we compute the longitudinal part of the Yang-Mills curvature F+−, to
this order, we find a non-zero result
∂+A
(1)
− − ∂−A(1)+ − [A(0)+ , A(0)− ] = 2λ2
1
∂2
//
[∂iA
(0)
+ , ∂iA
(0)
− ] (2.16)
As expected, this non-zero result is proportional to (square of) the scaling parameter λ, so
that it vanishes in the λ→ 0 limit. However, we are not allowed to drop its contribution,
because F+− enters in the equation of motion with a prefactor of λ
−2.
Now let us consider the analogous computation in the effective theory with λ = 0.
To leading order nothing changes, as the solution (2.10) for A(0)α automatically satisfies
F+− = 0. The next to leading terms in the equation of motion now read
∂+A
(1)
− − ∂+A(1)+ = [A(0)+ , A(0)− ]
∂2
⊥
A
(1)
± = j
(1)
± ± ∂±E(1) (2.17)
Here the first equation is the flatness equation F+− = 0 and the second equation replaces
the Yang-Mills equation (2.12). Now it may seem that one has made a mistake in putting
λ = 0, because it implies that F+− = 0 exactly, whereas in the full theory there was a small
but non-negligible contribution coming from the gauge-field variations with F+− 6= 0.
However, as is usually the case in these type of situations, the role of the fluctuations that
are transverse to the constraint surface is taken over by the lagrange multiplier field, in
this case E(1). Indeed, with the help of (2.13) we can solve for E(1), and find
∂2
//
E(1) = 2[∂iA+, ∂iA−] (2.18)
Hence the value of E(1) precisely equals that of λ−2F+− of the finite λ theory. It is
now not hard to convince oneself that this correspondence is sufficient to ensure that
the perturbation theory in the λ = 0 model is equivalent to the high-energy limit of the
convential theory proposed by Lipatov in [3], at least to this order. This correspondence
further supports the validity of our scaling hypothesis.
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Fig 2. The configuration of the two light-like Wilson-line operators represent-
ing the two fast moving quarks.
2.3. Definition of the scattering amplitude.
Encouraged by this further justification of the high-energy lagrangian (2.5) we will
now proceed to study the quark-quark scattering amplitude in this theory. The calcula-
tions simplify drastically due to the fact that on-shell the gauge-potential Aα is flat. In
particular, it follows that the quark propagator for fixed gauge potential is simply repre-
sented by the Wilson line of Aα. For example, the two-point function of two right-moving
quarks reduces to
〈T (ψ(x
1
, z
1
)ψ(x
2
, z
2
))〉A = δ(2)(z12)
(
δ(x−
12
)θ(x+
12
) +
1
x−
12
+ iǫ
)
×P exp(e
∫ 2
1
dx+A+) (2.19)
Thus we are led to a description of the scattering amplitude in which the quarks are
represented by light-like Wilson lines, a prescription that has been proposed previously
by Nachtmann in [10]. In his derivation the Wilson lines arise from the coupling of Aα to
the quark current by neglecting the recoil terms in the quark propagators. Our argument
that Aα is predominantly flat gives a new justification for using this procedure in the high
energy limit.
A priori, a single quark-quark scattering-amplitude is by itself not a gauge invariant
quantity, since it depends on gauge-rotations at the end-points of the Wilson-lines. One
way to get an invariant amplitude would be to consider the scattering of hadron-like
objects such as a quarks connected by transversal Wilson-lines and integrated against
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some hadron wave-function. However, when t is much larger than Λqcd it appears to be
meaningful to consider the quark-quark scattering processes individually. In this case the
role of the accompanying quarks and gluons inside the hadron is to provide a “frame of
reference” for the scattered quark with respect to which one can define the amplitude
in an invariant way. To make this concrete, we will follow the procedure advocated in
[10], and use this reference frame to ‘identify’ the two end-points of the Wilson-line in
the sense that gauge-rotations are restricted to act simultaneously and identically at +∞
and −∞. In this way by taking the trace of the amplitude in both representations one
obtains a meaningful gauge-invariant quantity, which according to [10] corresponds to the
diffractive term of the amplitude.
Thus, summarizing, we will define the high energy quark-quark scattering amplitude
by the expectation value of two light-like Wilson lines
f(s, t) =
is
2m2
∫
d2z e−iq·z
〈
V+(0) V−(z)
〉
t = −q2i (2.20)
V±(z) = tr
[
P exp(e
∫ ∞
−∞
dx±A±(z))
]
(2.21)
in the theory described by the high energy limit (2.5) of the QCD lagrangian. The
configuration of the two Wilson line operators is depicted in fig 2.∗ The kinematical
factor is
2m2
comes from the conventional normalization of the quark wave-function.
3. Reduction to a Two Dimensional Field Theory.
In this section we will indicate how this model can be further simplified and eventually
reduced to a two-dimensional effective field theory. To this end, we will first integrate
out the lagrange multiplier field Eαβ in (2.5). This produces a functional constraint that
restricts the integral longitudinal gauge-field components Aα to potentials of the form as
Aα =
1
e
∂αUU
−1 (3.1)
∗In fact, it turns out to be a singular limit to take the Wilson lines in (2.20) exactly light-like. We
will later regularize this ‘infrared’ divergence by allowing each line to have a small light-like component.
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Here the group element U may still depend on all four coordinates. It can be seen that
the Jacobian of this replacement of the variables Eαβ and Aα by U is simply equal to 1.
When we substitute (3.1) into the action S, we get
S[U,Ai] =
1
2e2
∫
tr(∂α(U
−1DiU))
2 Di= ∂i+eAi (3.2)
So far we have not chosen any gauge, and the above action is indeed manifestly gauge
invariant. We can now make use of this fact to choose a gauge in which the longitudinal
components Aα are completely eliminated via a redefinition of Ai to A˜i =
1
e
U−1DiU . This
gauge has one obvious advantage, namely that all local interactions in fact disappear! A
subtlety, however, is that, if we wish to be able to send in charged particles, we should
not allow for arbitrary gauge transformations at infinity. Some information about the
asymptotic values of U will have to survive, since these are the only remaining variables
that couple to the quarks.
Notice that if we had chosen some other more standard gauge, such as the Landau
gauge ∂µA
µ = 0, it would have been rather difficult to recognize that there are no local
interactions. More close inspection, however, would reveal that in such a gauge the theory
in fact describes a free field, Ai, interacting with a topological field theory, consisting of
the group variable U and the ghost fields. Indeed, it appears that many of the Feynman
diagram computations done in [1] and [2] can be reinterpreted in this way. We believe
that this absence of local four-dimensional interactions is what underlies the apparent
two-dimensional nature of high energy QCD.
3.1. The Two-dimensional Model.
We now wish to make this idea more concrete. Let us denote the values of the field U
at the end-points of the Wilson lines in (2.20) by g1 and g2 for the right in- and left
out-region, and h1 and h2 for the left in- and right out-region, resp. (See fig 3.) Since Aα
is flat, the Wilson lines can be expressed in terms of these variables, for example
P exp(e
∫ ∞
−∞
dx+A+(z)) = g2g
−1
1 (z) (3.3)
The group variables gA and hA (A=1,2) will not be held fixed, but will be treated as dy-
namical fields. Their physical role is to impose the Gauss-law constraints at the end-points
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through their field equations. In addition, as discussed in the Appendix, these asymptotic
modes of U appear naturally in the classical description of the shockwave configurations
associated with the fast-moving quarks. Our aim is to get a two-dimensional model that
describes the dynamics of these shockwaves. We further impose that the transversal
gauge-field Ai takes the same value at the two end-point of each Wilson line, which we
will denote be a±i (z) resp.
It is now clear that the expectation value (2.20) of the Wilson lines, representing
the elastic quark-quark scattering amplitude, can in principle be re-expressed as a cor-
relation function in the two-dimensional effective theory of the x-independent variables
(g
A
, h
B
, ai, bi)
〈V−(zL)V+(zR)〉 =
∫
[dg
A
dh
B
da±i ] e
iS[g
A
,h
B
,a±i ] tr
(
g
2
g−1
1
(z
L
)
)
tr
(
h
2
h−1
1
(z
R
)
)
, (3.4)
where the two-dimensional effective action S[g
A
, h
B
, a±i ] is obtained by integrating out all
modes of Ai, while keeping its asymptotic boundary values fixed. This calculation can
be performed explicitly, since the integral over Ai is just gaussian due to the absence of
local interactions. Therefore, in the leading semiclassical approximation the only thing
we need to know is the action of the classical field configuration with the given boundary
conditions. To calculate it we use that for a solution Acli of the classical field equations of
(3.2), one has.
S[U,Acli ] =
1
2e2
∫
d2z tr
[ ∫ ∞
−∞
dx+ ∂+(U
−1DiU) ×
∫ ∞
−∞
dx− ∂−(U
−1DiU)
]
(3.5)
We can now express the right-handside directly in terms of the asymptotic values for U
and Ai as follows ∫ ∞
−∞
dx− ∂−(U
−1DiU) = g
−1
2
D+i g2 − g−11 D+i g1∫ ∞
−∞
dx+ ∂+(U
−1DiU) = h
−1
2
D−i h2 − h−11 D−i h1 (3.6)
where the covariant derivatives D±i on the right-hand-side are with respect to a
±
i (z).
Inserting (3.6) into (3.5) we find that the effective action of the two-dimensional variables
(g
A
, h
B
, a±i ) is given by
S[g
A
, h
B
, a±i ] =
1
2e2
∫
d2zM
AB
tr(g−1
A
D+i gAh
−1
B
D−i hB) (3.7)
12
where M
AB
is the 2× 2 matrix
M
AB
=
(
1 −1
−1 1
)
(3.8)
and the indices A (B) = 1, 2 are summed over.
The result (3.7) can be derived in an alternative fashion by doing the functional integral
over gluon field Ai with the insertion of delta functionals that keep the value of Ai fixed at
the end-points of the Wilson lines. After representing these delta-functionals as a Fourier
integral it becomes straightforward to do the gaussian integration. We leave it to the
reader to verify that this gives the same result. This second method makes clear that the
matrix M
AB
can be identified with the inverse propagator of the gluon field between the
end-points of the Wilson lines. We will make use of this remark in the next subsection.
Thus, the matrix M
AB
represents a discrete version of the wave-operator ∂+∂−, and
thus, in a sense, the two-dimensional model (3.7) has a 3+1-dimensional interpretation in
which the longitudinal plane is replaced by the four end-points of the Wilson lines. This
interpretation also explains why in the expression (3.4) there is still a factor of i in front
of S, even though the transverse z-plane is euclidean. Indeed, without this factor of i the
indefinite signature of the action would have become a problem.
Semi-classically our two-dimensional model can be interpreted as describing high-
energy scattering of quarks via shock-waves. This interpretation becomes clear when we
consider the classical equations of motion of (3.7)-(3.8). In appendix A we describe the
shock wave solutions of the Yang-Mills equations for a single fast-moving quark. In terms
of the above model this corresponds to the case where we couple one single classical point
charge to h2h
−1
1 . It can be easily verified that in this situation the classical equations
of motion of the action (3.7) indeed precisely reduce to (A.5)-(A.7), provided we use the
Ansatz that h2 = h1 , a
±
i = 0 and g1 = 1. In other words, the variables (g2g
−1
1
)(z
L
)
and (h
2
h−1
1
)(z
R
), which in our model represent the Wilson lines of the quarks, are via
their own equation of motion equal to the instantaneous gauge-rotation generated by the
shock-wave of the other quark.
Loop corrections are taken into account by adding to the leading result the one-loop
effective action induced by the quark and gluon loops. These are given by given by the
determinants
log det(D2α + λ
2∂2i ) (3.9)
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in leading order for λ2 → 0. These determinants give rise to the usual 1-loop renormaliza-
tion of the coupling constant, as well as to corrections to the leading order action (3.7). It
may be possible to use techniques of two-dimensional conformal field theory to compute
these corrections, in a similar way as was done recently in [11] in the context of QCD at
high temperatures.
3.2. An infrared problem: How log s enters.
The above description of the amplitude appears to be essentially independent of the
center of mass energy of the two quarks. This is clearly in contradiction with the well-
known fact that amplitudes in QCD have a very non-trivial s-dependence. The origin
of this dependence lies in the infrared divergences of 3+1-dimensional gauge theory. In
most standard perturbative treatments of high-energy QCD, these infrared divergences
are taken care of by restricting the rapidities of the intermediate gluons to lie in between
those of the two fast quarks (see eg. [2]). The size of this rapidity space grows as log s
and in this way amplitudes acquire an overall factor proportional to some power of log s,
depending on the number of intermediate gluon propagators. This infrared problem has
a direct counterpart in our two-dimensional theory (3.7)-(3.8), namely, the matrix M
AB
given in (3.8) is not invertible, and as a consequence some of the fields have a singular
propagator. Hence to make the model non-singular we will need to introduce an infrared
cut-off, in a similar way as in the 3+1-dimensional theory. We can do this as follows.
The inverse M
−1
AB
of the matrix M
AB
can in fact be identified with the Ai propagator
between the different asymptotic regions of the longitudinal plane, i.e. between the dif-
ferent end-points of the Wilson-line operators V±. The infrared singularity can be traced
back to the fact that the trajectories of these Wilson-lines were taken to be light-like and
therefore have an infinite distance in rapidity space. However, for finite quark mass m
the classical trajectories of two quarks with centre of mass energy s are related by a finite
Lorentz boost with rapidity parameter log s/m2. Thus, to regularize this infrared problem,
we now give the Wilson-lines a small timelike component, such that they coincide with
the classical quark trajectories, and, in addition, we let them end after some finite proper
time T . To be specific, we will choose the end-points of V+ at (x+, x−) = ±12T (p+, m2/p+)
and of V− at (x+, x−) = ±12T (m2/p−, p−), with 2p+p− = s. Note that in the centre of
mass frame p+ = p− =
√
s/2 so that in the limit s → ∞, the trajectories of V± indeed
14
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Fig 3. The values of U at the asymptotic regions of the longitudinal Minkowski
plane are denoted by gA resp. hB , A,B = 1, 2. The arrows represent the
discrete longitudinal propagator M
−1
AB
given in (3.10).
become infinitely long and light-like.
The next step is to evaluate the gluon propagator between these end-points. From the
fact that the propagator 〈T (Ai(x, z)Aj(0, 0))〉 is proportional to log(x+x−+ iǫ), we find
that, for large but finite s, the longitudinal propagator between the different end-points
of V+ and V− becomes essentially independent of the quark mass m and the proper time
cut-off T . It takes the following form
M
−1
AB
=
(
log(seiπ) log s
log s log(seiπ)
)
(3.10)
This propagator is schematically depicted in fig 3. In this way we find the following
‘regularized’ form of M
AB
M
AB
reg =
(
1 + ǫ −1 + ǫ
−1 + ǫ 1 + ǫ
)
(3.11)
ǫ−1 = 1− 2i
π
log s (3.12)
We want to stress that this derivation of the log s-dependence is the direct translation
to our situation of the corresponding calculations done in perturbation theory. Equation
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(3.11), together with eqns (2.20), (3.4) and (3.7), completes the description of our two-
dimensional model for high-energy QCD.
4. Comparison with standard perturbation theory
It is an important and non-trivial test on our model to find out if it is consistent with
the known perturbative results [1, 2]. In Appendix B we have summarized the known
expression for the quark-quark scattering amplitude to first order in log s. The group
factors that receive a contribution to this order are depicted in fig 4. We will now indicate
how these results can be derived from our effective two-dimensional action. The results
(B.2) have been obtained in the Lorentz gauge, so we will choose a corresponding gauge
∂ia
±
i = 0. It is further useful to choose the following parametrization of the fields
g2g
−1
1 = exp(eθ) g1h
−1
1 = exp(e˜ χ)
h2h
−1
1 = exp(eφ) a
±
i =
e˜
2
ǫji∂jα
± (4.1)
where
e˜2 =
2e2
π
log s (4.2)
The advantage of this parametrization is that vertex operators that enter in the expression
for the quark-quark amplitude are simple exponentials
f(s, t) =
is
2m2
∫
d2z e−iq·z
〈
eieθ
aτa
L (0) eieφ
bτb
R (z)
〉
(4.3)
When we insert the above parametrization into the action S, expand into the first two
orders in e˜, we get
S =
1
2
∫
d2z tr(∂iθ∂iφ+ i(∂iχ)
2 + i∂iα
+∂iα
−)
+
e˜
2
∫
d2z tr(χ [∂iθ, ∂iφ] +
1
2
(α++α−) [∂iθ, ∂jφ]ǫ
ij) (4.4)
+
e˜2
4
∫
d2z tr
(
[χ, ∂iθ] [χ, ∂iφ] +
1
2
[∂iα
+, θ] [∂iα
−, φ]
)
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Fig 4. These diagrams are the leading order diagrams that contribute to
the group factors Gi and F2 as given in (B.3). The double horizontal lines
represent the two quarks, and the thick vertical lines are θ-φ propagators.
Here we dropped terms proportional to e since these are subdominant for large s. From
this form of the action it is clear that the scattering amplitude indeed has a log s expan-
sion of the form (B.1). The first terms in this perturbation expansion are obtained by
evaluating the diagrams of fig 4, and the one-loop corrections to the first two graphs.
As an example we outline the calculation of the H-diagram of fig. 4, because this dia-
gram illustrates in a rather direct way the relation between our approach and the standard
theory of [12, 2]. The standard result for this diagram is a sum of many contributions
that can be summarized in terms of Lipatov’s effective gluon emission vertex (see eqn
(2.8) as [12]
A(s, q) = N
e2
(2π)2
s log s
∫ d2k1d2k2K(k1, k2)
k21 k
2
2 (q−k1)2(q−k2)2
(4.5)
with
K(k1, k2) = Cµ(k1, k2)Cµ(q−k1, q−k2)
= −q2 + k
2
1(q−k2)2
(k1−k2)2 +
k22(q−k1)2
(k1−k2)2 (4.6)
In (the above parametrization of) our two-dimensional effective field theory, we only need
to add two Feynman diagrams to obtain the full answer for this amplitude, namely the
H-diagram with an intermediate χ and α = 1
2
(α+ + α−) line, resp. From the form (4.8)
of the action it is readily seen that the sum of these diagrams gives
A(s, q) = N
e2
(2π)2
s log s
∫
d2k1d
2k2 L(k1, k2)
k21 k
2
2 (q−k1)2(q−k2)2(k1−k2)2
(4.7)
with
L(k1, k2) = 2[(k1 ·k2)(q−k1)·(q−k2) + (k1 ·k˜2)(q−k1)·(q˜−k˜2)] (4.8)
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with k˜1,i = ǫijk1,j etc. This expression is indeed identical to the standard result (4.5),
because
L(k1, k2) = K(k1, k2)(k1−k2)2 (4.9)
This identity is most easily established by checking that both sides coincide for all points
where two momenta are equal or one of them vanishes.
This correspondence with the standard theory gives strong evidence that our approx-
imations and reduction method is correct and in principle can be extended to higher
orders. Because we have only done computations up to first non-trivial order in log s, we
have in particular not yet seen any indication of the remarkable exponentiation leading to
the well-known reggeization of the gluon propagator. It would be interesting to see if this
result can be derived from first principles, possibly by extending the methods described
here.
5. Concluding Remarks
We have given a simple physical description of the high energy interactions between two
quarks, and shown that it can be described in terms of a two-dimensional sigma-model
action, given by (3.7). We have obtained this action by evaluating all correlations in the
longitudinal direction and keeping only the leading order terms in λ = t/s. To obtain
1-loop corrections to this leading order result one would need to evaluate the functional
determinants (3.9). This will give rise to the usual renormalization of the coupling e. The
physical regime where one can expect this description to be relevant is at short length and
time scales, that is s >> t > Λqcd. At these scales confinement has not yet set in, and the
color electric field behaves more like an ordinary electro-magnetic field. We should point
out, however, that our model fully incorporates the non-abelian character of the gauge
fields.
While most of the complicated dynamics of QCD is eliminated in the limit λ → 0,
our model may still contain useful information about the strong coupling regime. In this
respect, it would be interesting to further analyze the transversal dynamics described by
(3.7). A lot is known about the more conventional two-dimensional sigma-models, and
most of this technology can be taken over to our model, even though it has some unusual
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features. The theory is perturbatively renormalizable and presumably asymptotically free
at short transverse distances. Hence for relatively large values of t perturbation theory is
expected to be reliable.
This simple model will of course not be able to describe the full complexity of QCD,
and has to be embedded into a more elaborate and sophisticated framework before it can
be used as a realistic theory of high energy scattering of hadrons. One could in particular
imagine extending our model to include the scattering of gluons and, instead of taking the
trace of the Wilson lines, folding the amplitude with a (phenomenological) hadron wave-
function that describes the distribution of the quarks and gluons in the transverse space.
As a further comment we like to mention that the rescaled 3+1 dimensional action (2.5)
in principle can be used to compute gluon production in high-energy collisions. Instead
of integrating out the transverse gauge field Ai to get to the two-dimensional model, we
can keep the gluons in our description by representing the amplitude in the gluon Fock
space. This presumably leads to a 2+1 dimensional model analogous to the extended
eikonal model (see e.g. [2]), where in addition to the transverse coordinates z one keeps
the rapidity of the produced gluons as an extra coordinate.
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Appendix A: Non-abelian shock-waves.
In this appendix we give a short discussion of the classical shock wave field due to a
fast-moving non-abelian charge. One way to obtain such solutions is to start with the
classical field for a colored particle at rest, and then apply an infinite Lorentz boost. The
precise form of the shock-wave will then of course depend on the static configuration one
starts with. Whereas in the abelian theory there is only one candidate, the spherically
symmetric Coulomb field, it is known that the non-abelian Yang-Mills equations also have
other static solutions with less symmetries and a smaller energy. The same ambiguity
shows up here.
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Consider the Yang-Mills equations in the presence of a classical source
DµFµν = jν . (A.1)
We are interested in the case where the source is given by a classical point charge that
moves at the speed of light. Let the velocity of the particle be in the x−-direction and its
transversal coordinate be z=0, then the only non-vanishing component of the source jν
is
j+ = λδ(x
+)δ(2)(z) (A.2)
Here λ is a constant element of the lie algebra of the gauge group, describing the classical
non-abelian charge of the particle.
We can restrict the form of the solutions of the Yang-Mills equations (A.1) by using
some of the symmetries of the source jν . In particular, we can require that the solutions
we are looking for must be invariant under translations in the x−-direction and boosts
in the (x−, x+) plane that leave the hyperplane x+= 0 fixed. These two invariances are
already very restrictive: they imply that all fields are independent of x+ and x−, except
for a possible discontinuity at x+= 0.
We will restrict ourselves to the simplest type of solutions, which are obtained by
assuming that all components of the Yang-Mills curvature vanish except F+i. These are
then determined by
DiFi+ = λδ(x
+)δ(2)(z) (A.3)
D+Fi+ = 0
To write this shock-wave we now choose the gauge A− = 0, and use the residual gauge-
invariance under x−-independent gauge-transformations to put also A+ = 0 everywhere.
Further, since we assume that Fij = 0, the transversal component Ai must be pure gauge
as well. Thus the shock-wave can be represented as
Ai =
{
0 for x+ < 0
g−1∂ig for x
+ > 0
(A.4)
where group element g depends only on the transversal coordinate z. Substituting this
into (A.3) gives
Dˆi(g
−1∂ig) = λδ
(2)(z). (A.5)
20
Here, the covariant derivative involves the value of the gauge-field Ai at x
+ = 0, i.e. at
the position of the shock-wave
Dˆi = ∂i + e[Ai, ]
|x+=0
(A.6)
So at this point the internal structure of the shock-wave becomes relevant. In principle,
the Ai gauge field at x
+ = 0 can be different from the field outside the shock wave. So
we can take
Ai = h
−1∂ih at x
+ = 0 (A.7)
and for any Ai of this form we can solve (A.5) and obtain a classical solution of (A.1) for
the source (A.2).
When the gauge-field Ai at x
+ = 0 commutes with g−1∂ig in (A.5) the shock-wave
takes the ‘abelian’ form
gabelian(z) = exp(
e2
4π
λ log |z|2) (A.8)
This solution is uniquely singled out if we require that the classical field respects all
symmetries of the source.
The physical interpretation of the above field configuration becomes more apparent
after we perform a discontinuous gauge rotation and put Ai = 0 everywhere. After this
A+ will acquire a delta-function singularity at the null-hyperplane x
+ = 0, such that the
Wilson lines that cross this plane are given by
P exp(e
∫ ǫ
−ǫ
dx+A+) = g(z) (A.9)
where g(z) solves (A.5). Physically this means that the only physical effect of the shock
wave is that when a charged test particle passes through x+= 0 its wave function ψ will
be instantaneously gauge-transformed to ψ′ = g(z)ψ.
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Appendix B: Perturbative Results to Order e6.
In this appendix we give the known perturbative result of the high energy quark-quark
scattering amplitude, computed in [1, 2]. It is known that the quark-quark amplitude
f(s, t) can be expanded in a power series in log s
f(s, t) = s
∞∑
n=0
An(q)(log s)
n (B.1)
with t = −q2. Using standard perturbative techniques the following results have been
obtained for the first two terms A0(q) and A1(q), upto order e
6 (we use the notation of
chapter 12 of [2])
A0(q) = −e
2
q2
G1 +
ie4
2!
I2(q) G2 +
e6
3!
I3(q) G3 (B.2)
A1(q) =
Ne4
4π
I2(q) G1 − iNe
6
4π
I3(q) G2 +
e6
4π
[ 2I3(q)− q2I22 (q) ] F2
where Gk and F2 are the group factors corresponding to the graphs in fig 4.
Gk = (τ
a
L
⊗ τa
R
)k (B.3)
F2 = (fabcτ
b
L
⊗ τ c
R
)2
where τa
L
and τa
R
are the non-abelian charges of the left resp. right-moving quark, and
I2(q) and I3(q) are the (infrared divergent) integrals
I2(q) =
∫
d2k
(2π)2
1
k2(q − k)2 (B.4)
I3(q) =
∫
d2k1
(2π)2
d2k2
(2π)2
1
k21 k
2
2 (q−k1−k2)2
These result were obtained in the Lorentz gauge.
References
[1] L.N. Lipatov, review in Perturbative QCD, ed. A.H. Mueller (World Scientific, Sin-
gapore, 1989), and references therein.
22
[2] H. Cheng and T.T. Wu, Expanding Protons: Scattering at High Energies, (The MIT
Press, Cambridge, Massachusetts), and references therein.
[3] L.N. Lipatov, Nucl. Phys. B365 (1991) 614.
[4] G. ’t Hooft, Phys. Lett. B198 (1987) 61; Nucl. Phys. B304 (1988) 867.
[5] R. Jackiw, D. Kabat and M. Ortiz, Phys. Lett. B277, 148 (1992).
[6] H. Cheng and T.T. Wu, Phys. Rev. Lett. 22, 666 (1969); H. Abarbanel and C.
Itzykson, Phys. Rev. Lett. 23, 53 (1969).
[7] D. Kabat and M. Ortiz, MIT preprint (March 1992).
[8] I. Munizich and M. Soldate, Phys. Rev. D 37, 353 (1988).
D. Amati, M. Ciafaloni and G. Veneziano, Int. J. of Mod. Phys. 3 (1988) 1615; CERN
preprint (Februari 1992)
[9] H. Verlinde and E. Verlinde, Nucl. Phys. B 371 (1992) 246
[10] O. Nachtmann, Annals of Physics 209 (1991) 436
[11] R. Efraty and V. Nair, Phys. Rev. D 68 (1992) 2891.
[12] E. Kuraev, L.N. Lipatov, and V. Fadin, Sov. Phys. JETP 44 (1976) 443;45 (1977)
199; Ya. Balitski and L.N. Lipatov, Sov. Nucl. Phys. 28 (1978) 822.
23
